arXiv: 1507.01666v6 [math.DS] 20 Sep 2015 


Lyapunov exponents and strong exponential tails 
for some contact Anosov flows 

by Luchezar Stoyanov 

Abstract. For the time-one map / of a contact Anosov flow on a compact Riemann manifold M, satisfying a 
certain regularity condition, we show that given a Gibbs measure on M, a sufficiently large Pesin regular set Pq 
and an arbitrary 5 G (0,1), there exist positive constants C and c such that for any integer n > 1, the measure of 
the set of those x G M with f k (x) Po for at least 5n values of k = 0,1,..., n — 1 does not exceed Ce~ cn . 


1 Introduction 


Let <f)t : M —> M be a C 2 Anosov flow on a C 2 compact Riemann manifold M, and let f = <j )i 
be its time-one map. 

It follows from a well-know result of Oseledets ( [Qsj ; see also m or 0) that there exists a 
Borel subset Co of M. which has full measure with respect to any /-invariant Borel probability 
measure on M, such that for every there exists a ^/-invariant decomposition 


T X M = Ei(x) ®E 2 (x)®...® E k ^(x) 

and numbers Xi(x) < X 2 {x) < ... < Xk(x)( x )i called Lyapunov characteristic exponents, such 
that: 

(a) lim — log ||d/”(u)|| = Xi( x ) for all v £ Ei(x) \ {0} and all i = 1,..., k(x). 

|ri|—Kx) n 

(b) For every e > 0 there exists a Borel function A e : Co —> (l,oo), such that 


A e (x) el n k _ e n v(0 
for all x € Co and all* = 1,, k(x), and 


C KMi < A e (s)e |n|e ||v| 


v € Ei(x) , n € Z, 


< Mfjx)) < e e 


A e (x) 


x € Co 


( 1 . 1 ) 


( 1 . 2 ) 


(c) For all x € Co and all disjoint non-empty subsets I, I' of {1,..., fc(x)} the smallest angle 
between non-zero vectors in Ej(x) = ©i g /F/(x) and Ep(x) is > A ^ . 

(d) If m is an ergodic /-invariant Borel probability measure on M, then the functions k(x) 
and Xii x ) are constant m-almost everywhere. 


A function A e satisfying (1.2) is called an e-slow varying function. 

Let $ be a Holder continuous real-valued function on M and let m be the Gibbs measure 
generated by $ on M (see e.g. [ P2] or [PP]). Then m is ergodic, so there exists a subset C 0 of Co 
with m(£g) = 1 such that the functions k(x) = ko and Xi( x ) = Xi are constant on C' 0 . 

It follows e.g. from the arguments in Sect. 3 in [PS] , that for every e > 0 there exist constants 
e' G (0, e], p > 1 and u > 0 such that r £ (x) = ? 4 determines an e-slowly varying function on 
C'q which defines a Lyapunov regular neighbourhood for every x € C 0 , i.e. for each x € C 0 there 
exists a Lyapunov chart on B(x, r e (x)). On these charts one has estimates of the iterations of the 
non-linear map / similar to these in (1.1). 

It is known that in general the complement of the set Co (and therefore that of C'o) can be 
topologically very large (see [BSau], |BS| or [PSa] for some interesting examples). The regularity 
functions A e and r t are in general only measurable. The so called Pesin regular sets 


IZp = {x E C' 0 : A e (x) < i , r e (x) > 1/1} , l > 1, 
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and their closures are of particular importance since on such sets uniform estimates involving 
Lyapunov exponents are available (see e.g. m , EE], u m, ra, eesd- However 
it seems there is little information in the literature about the measures of the sets TZp and ‘how 
quickly’ they fill in C' 0 , even in the case of uniformly hyperbolic systems. 

Let m be an ergodic /-invariant Borel probability measure on M, and let ko be so that 
k(x ) = k 0 for m-almost all x. Consider the distributions 

E^\x) = Ei (x) ® E 2 (x) ® ... © Ei ( x ) , E® (x) = E i+ 1 (x) © ... © E ko (x). 

We will say that E® (x) is uniformly continuous in £q if the map £q B x h > E^ (x) is uniformly 
continuous with respect to the natural distance between distributions with the same dimension 
(see e.g. Sect. 2.3 in [BP]). 

Given a Lyapunov regularity function A e , an integer p > 0 and a constant 5 G (0,1) set 

T p = {x G C' Q : A e (x) < e p }, 

and denote by T n = T n (e,5,p) the set of all x G C' Q with f k {x) ^ T p for at least 5n values of 
k = 0,1,..., n — 1. 

In this paper we prove the following. 

Theorem 1.1. Let eft ■ M —> M be a C 2 contact Anosov flow on a C 2 compact Riemann 
manifold M, let <J> be a Holder continuous real-valued function on M and let m be the Gibbs 
measure generated by $ on M. Assume in addition that for every i = 1,..., k^ — 1 the distributions 
E^\x) and E^ l \x) are uniformly continuous in C 0 . Then for every e > 0 there exists a Lyapunov 
e-regidarity function A e satisfying (1.1) and (1.2) such that the following are satisfied: 

(a) (Exponential Tails) There exist constants C = C(e) > 0, c = c(e) > 0 and po = po(e) > 0 
such that 

m [M\U n k zlr k (T po ))<Ce- cn 

for every integer n > 0. 

(b) (Strong Exponential Tails) For every 5 € (0,1) there exist constants po = po(e,5) > 0, 
C = C(e, 8) > 0 and c = c(e, 5) > 0 such that 

m (r n (e, 8,po)) < C e~ cn 


for every integer n > 0. 

Clearly, taking the constant po sufficiently large, we can make m(T po ) arbitrarily close to 1. 
The assumption that the flow is contact is used essentially in Sect. 6 below. 

As we mentioned earlier, for every p > 0 there exists a constant ro > 0 (depending on e and 
p) such that r e (x) > ro for every x € T p . That is, for every x € T p there exists a Lyapunov chart 
on B(x, ro). 

The distributions E^'(x) and E^\x) are uniformly continuous (in fact, Holder continuous) 
for example when the flow has only three Lyapunov exponents x.i < X 2 = 0 < X3, or more 
generally, when for every i = l,...,ko — 1 there exist constants A*, pt and C > 0 such that 
Xi < A,; < pi < Xi+ 1) IM/ , t(' u )ll < C \\ ||u|| for all u € E^\x) and t > 0, and ||d^>t(u)|| > ^ p\ ||u|| 
for all u G E^\x) and t> 0 (see e.g. Ch. 3 in [P3]). 
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Thus, the conclusions in Theorem 1.1 always hold for contact Anosov flows on 3-dimensional 
manifolds. As mentioned above, a more general immediate consequence of Theorem 1.1 is the 
following. 

Corollary 1.2. Let fa : M —> M be a C 2 3 contact Anosov flow on a C 2 compact Riemann 
manifold M, let <f> be a Holder continuous real-valued function on M and let m be the Gibbs 
measure generated by on M. Assume that k(x ) = 3 for almost all x £ Cq. Then for every e > 0 
there exists a Lyapunov e-regularity function A e satisfying (1.1) and (1.2) such that both (a) and 
(b) in Theorem 1.1 are satisfied. 


In this paper we restrict ourselves to contact Anosov flows, however using slight modifications 
of the arguments in Sects. 3-5 below, results similar to Theorem 1.1 above can be proved for 
contact Anosov diffeomorphismi^]. 

The motivation for the above result came from investigations on spectral properties of the so 
called Ruelle transfer operators. Attempts to obtain exponentially small estimates of integrals 
involving iterations of a certain kind of ‘contraction operators’ (see m , m) naturally lead to 
estimates of ‘tails’ of the kind considered in Theorem 1.1. On the other hand, studies on decay of 
correlation^] using the so called Young towers ( [Y2] ) also involve assumptions on the measures of 
the tails, and usually exponential tails are associated with exponential decay of correlations. Such 
assumptions appear naturally also in studies on large deviations (see e.g. jMNj and the references 
there). 

Sect. 2 below contains some basic definitions. In Sect. 3 we introduce a ‘regularity function’ 
R e (x) (and R e (x) related to it), changing slightly the approach of Sirnic in [ Sim] , Although this is 
most likely not a slowly varying function, it turns out that const ( v / eA. 2 e (x)) 1//3 < R t (x) < Aflx) 
for some Lyapunov e-regularity function A e {x) satisfying (1.1) and (1.2). This is proved in Sect. 
6. Consequently, it is enough to prove the analogue of Theorem 1.1 replacing A e (x) by R e (x). 
We study the latter (or rather, the related one R e (x)) in Sects. 4 and 5 using an ideso from |Sim] 
and the classical large deviation principle (see [OP], |Ki] or }Y1] ). Theorem 1.1 is proved in Sect. 
4 as a consequence of a similar result about the function R e (x). 


Acknowledgement. Thanks are due to Sebastian Gouezel who pointed out to an error in a previous version of 
the paper. 


2 Preliminaries 

Throughout this paper M denotes a C 2 compact Riemann manifold, and fa : M — > M (t € M) a 
C 2 Anosov flow on M. That is, for some constants C > 0 and 0 < A < 1 there exists a d(/>t-invariant 
decomposition T X M = E°(x) © E u {x) © E s {x) of T X M (x £ M ) into a direct sum of non-zero 
linear subspaces, where E°(x) is the one-dimensional subspace determined by the direction of the 
flow at x, ||d</>t(tt)|| < C \ l |M| for all u € E s (x) and t > 0, and ||ch^(u)|| < C X _t ||u|| for all 
u S E u (x) and t < 0. For x € M and a sufficiently small e > 0 let 

Wf{x) = {y e M : d(fa(x),fa(y)) < e for all t > 0 , d(fa(x),fa(y)) -h-Kx> 0} , 

Wfl(x) = {y e M : d(fa(x),fa(y)) < e for all t < 0 , d(fa(x), fa(y)) oo 0 } 

x That case is in fact easier. 

2 See [L], iBaLl and the references there for general information on this topic. 

3 We use the idea briefly mentioned at the end of Sect. 1 in ISiml apparently suggested by the referee of that 
paper. 
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be the (strong) stable and unstable manifolds of size e. Then E u (x ) = T x Wf(x) and E s (x) = 
T x Wf(x). 

The flow (f t is called contact if dim(M) = 2n + 1 for some n > 1 and there exists a C 2 flow- 
invariant one-form u ; on M such that ui A ( dco) n / 0 on M. It is well-known that the Lyapunov 
spectrum of a contact flow is symmetric, i.e. for each i = 1 ,..., ko there exists j = 1 ,... ,ko with 
Xj = ~Xf 

It follows from the hyperbolicity of the flow on M that if cq > 0 is sufficiently small, there 
exists e > 0 such that if x,y £ M and d(x,y) < e, then Wf Q (x) and 0[_ £O)£o ](HA“(y)) intersect 
at exactly one point [ x,y\ (cf. |KH| h That is, there exists a unique t € [—eo,eo] such that 
<t>t([x,y\) G W“(y). 

Let 1Z = be a Markov family consisting of rectangles Ri, each contained in a sub¬ 

manifold Di of M of codimension one (see [B]). Assuming that e > 0 is sufficiently small, 
the projection pr D . '■ <!>[-e,e](Di) —> D, along the flow is well-defined and smooth. Given 
x,y £ Di, set (x, y)o, = pr D . ([x;, y}). A subset Ri of Di is called a rectangle if ( x,y)Di € Ri 
for all x,y € Ri. For any x € Ri define the stable and unstable leaves through x in Ri by 
W s R .(x) = p T Di( W e( x ) n 4>[-e,e]{Di)) FI Ri and W%.(x) = pr D .(W“(j;) n </>[_ £)£ ](A)) n Ri. We may 
assume that each Ri has the form Ri = (Ui, Sf)jg. = {(x,y)D t ■ x € JJi, y € Si}, where Ui C Wf(zt) 
and Si C Wf(zi), respectively, for some Zi € M. Set R = The corresponding Poincare 

map V : R —> R is defined by V(x) = 4> r ( x ) (x) € R, where r(x) > 0 is the smallest positive time 
with (t> T (x) (x) G R- The function r is the first return time associated with 1Z. 

From now on we will assume that 7Z = [Rifif] is a fixed Markov family for (ft of size x < 
eo/4 < 1/4. Denote by R the core of R, i.e. the set x € R such that V m (x) € Int(i?) = u(L,Int(/?,,;) 
for all It is well-known (see 0) that R is a residual subset of R and has full measure with 

respect to any Gibbs measure on R. In general r is not continuous on R, however it is Holder 
on R when considered with respect to an appropriate metric dg, see below. The same applies 
to V : R —>• R. It is well-known ( |BR) ) that the Markov family 1Z can be chosen so that r is 
non-lattice. From now on we will assume that 1Z is chosen in this way. 

Let A = (Aij)i j=1 be the matrix given by A tJ = 1 if V(lnt(R, t )) n Int(-Rj) A 0 an d A t j = 0 
otherwise. Consider the symbol space 

= {{ij)f =-oo : 1 < ij < h, A h ij+1 = 1 for all j }, 

with the product topology and the shift map a : T,a —> given by cr((ij)) = ((ij)), where 

ib = ij .|_i for all j. Given 0 < 0 < 1, consider the metric dg on Ea defined by dg(£, rj) = 0 if £ = rj 
and dg(£,ri) = 0 m if = ry for |i| < m and m is maximal with this property. There is a natural 
map W : Ea —> R such that W o a = V o W. In general W is not one-to-one, however it is a 
bijection between W _1 (i?) and R. Choosing 0 £ (0,1) appropriately, the map W : Ea —> R is 
Lipschitz when T,a is endowed with dg and R with the metric induced by the Riemann metric 
on M. In what follows we assume 9 € (0,1) is a fixed constant with this property, and we will 
consider R with the metric induced by dg via W. 

3 Lyapunov regularity functions 

Throughout we assume that (ft is a C 2 contact Anosov flow on M. Let <f> : M —> 1 be a fixed 
Holder continuous function on M and let m be the Gibbs measure determined by 4>. Let £g be 
a subset of Cq of full m-measure such that k(x) = ko and Xi( x ) are constant for x £ £(, for all 
i = 1,..., ko. Removing a set of measure zero, we may assume that C R. 
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Take e > 0 so small that Xj ^ [Xi ~ 4e, Xi + 4e] whenever i j, and set 


R+( , ms) lEi \ 

RJ(x) = max sup —- 
l<i<k 0 n >0 el 


e (Xi+e> 


R e (x) 

and R € (x) = max{Rf (x), Rf (x)}. 


m- n )\EM 

max sup —:-T--r- 

i<i<k 0 n >o ew~ e )( _n ) 


(3.1) 

(3.2) 


Note. Since £ log \\(df£)\ Ei \\ -t Xi as n ->• oo, we have £ log ||(d/")^II < Xi + e for large n, so 
(3.1) exists. Similarly, -E log || (df~ n )\ E . || -> \i as n oo, so ^ log || (d/“ n )| E . || > Xi - e for large 
n. This gives log ||(d/“ n )|£. || < ( Xi ~ e ){~ n ) f° r large n, and so (3.2) exists. 


From the above definitions it is clear that 

M|M < R e ( x ) e H e ||u|| , v £ Ei (x) ,n€Z, (3.3) 

g n X% 

for all x £ £q and all i = 1,..., ko, and moreover for every Lyapunov e-regularity function Aflx) 
with (1.1) we have R e (x) < A e (x ) for all x £ C 0 and e > 0. It is not clear whether R e (x) is a 
slowly varying function, i.e. whether it satisfies (1.2), possibly with e replaced by some 5 > 0 
related to e. However we have the following. 


Proposition 3.1. Let (ft : M —M be a contact C 2 Anosov flow, and let <F, m and £' 0 be as 
above. For every e > 0 there exists an e-slowly varying function A e satisfying (1.1) and (1.2) such 
that 

1/6 

— (^(x)) 1 / 3 < R e (x) < A e (x) (3.4) 

for almost all x £ C 0 , where C = C^ 3 (2/cq) 1 ^ 6 > 1- 


Notice that ^-(H^.x)) 1 / 3 is also an e-slowly varying function. 

We prove this proposition in Sect. 6 below. The assumption that the flow is contact is used 
in an essential way there. 

We will also need the functions 


Rt(x) 


max sup 
l<i<k 0 n >o 


mS)\ E (g 

e (Xi+e)n 


R t (x) 


max sup 

l<i<k 0 n >0 


\Mx n )\mW 

e (Xi-e)(-”) ’ 


and R e {x) = max{i? e (x), Rf(x)}. Clearly R e (x) < R e (x). In Sect. 6 below we will show that 
there exists a constant K{e ) > 1 such that 

Re{x) < K{e) (Rflx)) 2 (3.5) 


for all x £ £' 0 . 

Remark 3.2. Proposition 3.1 and (3.5) show that sets of the form {x € £' 0 : A e (x) < e p } are 
easily related to sets of the form {x £ C 0 : R e >(x) < e p '} (with e' = e or 3e), so it is enough to 
prove an analogue of Theorem 1.1 replacing the function A e by CR e for some constant C > 0. 
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4 Reductions 


Let fa be a C 2 Anosov flow on M, and let d>, m and C 0 C Co be as in Sect. 3. In this section and 
also the next one we do not assume that the flow is contact. However, as in Theorem 1.1, we will 
assume that the bundles E^(x) and E^\x) are uniformly continuous on C'q. 

Let 1Z = i be a Markov family for fa as in Sect. 2, and let t : R = G^faRi —> [0,1/4] 

and V : R —> R be the corresponding first return map and the Poincare map. Fix constants 
0 < ro < ro < 1/4 so that tq < t(x) < fa for all x E R. There is a well-defined projection 
7T : M — > R defined by 7r(y) = x. where x € R, y = fa(x) for some s E [0, r(x)) and s > 0 is the 
smallest number with this property. 

The Gibbs measure m induces a Gibbs measure p on R (with respect to the Poincare map V) 
for the function 

f T O) 

F(x) = / ^(4> s (x))ds , x € R. 


The function F is Holder on R (with respect to the metric dg). For every continuous function H 
on M we have (see e.g. m) 


H dm = 


Jr (J 0 t(x) ds ) 


IM 


By Birkhoff’s Theorem, 


lim 

n—>oo n 


Jr rd^ 

= r T = / t dp 


T n (x) I 
- - 1 - 


(4.1) 


(4.2) 


IR 


for //-almost all x € C' Q n R. Here T n (x) = t{x) + t(V(x)) + ... + T(V n ~ 1 (x)). By the choice of r 
we have < 1/4. 

Fix a constant C\ > 1 so that 

Ci > ^ sup{| log ||d0/(.'c)||| : x E M , 0 < t < 1}, 
r i 

and Ci > 2maxi<j<fc 0 \xi\- Then fix arbitrary constants 


and set 


0 < e < - min{|xi| : 1 < i < k 0 , Xi fa 0} 
o 


<0 - 2fe- 


6 E (0,1) , Co > 


lOOCi 

er 0 


(4.3) 


(4.4) 


We will study in details the regularity function R+(x), In a similar way one can deal with 
R~(x); one just needs to replace fa by (j)-t. Clearly R e (x) = maxi</<fc 0 RC(x), where 


R tA x ) = SU P 


II (C 


|£?W I 


n>0 e(Xi+e)n ■ 

In this section, and the next section as well, we will restrict our attention to an arbitrary fixed 
i = 1,... , ko, and the corresponding bundle E = EC). Set y = Xi an d Be{x) = RC (x) for 
brevity. Thus, 

\\d(j) n {x)\ E \\ 

Bfax) = sup- , , x E Cq 1 (4.5) 
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where N is the set of non-negative integers. We will compare B e {x) with the function 


C e (x) = sup 
fc >0 


Wr k {x)^)\E 

e (x+pr k (x) 


x G £' 0 n R. 


Lemma 4.1. (a) There exists a constant S\ = S'i(e) > 0 such that 

B e (y) < SiCeix) (4.6) 

for all y G C 0 , x = n(y). Moreover we can take S\ > 0 so that (4.6) holds for any y G L and 
x G R with y = <ft{x) for some t G [—2, 2]. 

(b) For any integer so > 1 there exists a constant S 2 = ^(e, so) > 1 such that C e (V~ ] (x)) < 
S 2 C e (x) for any x G C'qC\ R and any j = 0.1,..., so- 

Proof. Set a\ = 2(|x| + e) and 02 = sup| s | <2 ||d«^ s || < 00 . 

(a) Let y G C 0 \ set x = ir(y) G C 0 (1 R. Then y = <f s (x) for some s G [0, t(x)). We 

have B e (y) = ^ for some integer t > 0. Denote by k > 0 the maximal integer so that 

Tk(x) < t + s; then t + s < t^+ i(x). Thus, t > T}~{x) — s > Ty.{x) — tq. Also, 


\\d(f>t{y)\E\\ = \\d(t>s+{t+s)(M x ))\E\\ < \\d<f>- s (<t>s( x ))\E\\ ■ \\d<ft+s{x)\ E \ 

— \\d(fTl < .(x)+(t+S—Tk(x)) (‘^)|e|| — II (x) (®) |E || • 


Thus, 




ll#t(y)|i?ll o| ||#7*(a!)(z)|El 


0* 


e(x+e)(rfe(®)-To) 


< e ^2 


ll^ < / > rfc(a;)(*^)|El 

e (x+^T k (x) 


This shows that B e (y) < Const C e (x). In a similar way one proves that C e (x) < Const B € (y). 
The more general case when y = 4>t.{x) for some t G [—2, 2] follows similarly. 

(b) Take S 2 = max 0 <j< so sup z£R ^ tx+^M • Given x G £g (~l R and j = 0,1,..., so, set 

y = V~i(x). For any integer n G [0, so] clearly < S 2 < S 2 C e (x). Let n > sq. Then 

n = j + k for some integer A; > 0, and therefore 

II^t„(j/)(2/)|e|| _ W^ ( l > T j+k (y)(y)\E\\ _ \\d(f Tj (y)-\-T k (x)(y)\E\\ 


< 


e (x+«) T j+k ( y ) e (x+e)(r?- ( 3 /)+Tfe ( 1 )) 

II^^TjIj/) (j/)|i?ll 11 (a:) 


=(x+c)T,(y) 


e(x+ £ ) T fc (D 


<S 2 C e (x). 


e (X+e)Tn(2/) 

Thus, C e (y) < S 2 C e (x). ■ 

Next, consider the functions 

G^ n \x) = log||^ rn(a;) (x)| E || 

for x G C 0 n R and any n > 0. Clearly, |G* 1 ' ) (x)| < Const < 00 for all x G C'q fl R, and 

, G^tx) G^ n \x) r n (x) 

Inn - t - = hm - — - -r— = x (4.7) 

n —>00 T'n n-K» T n (x) T'n 

for /j- almost all x G R. Here we used the fact that liirp^^ log H^d- r )|g|l _ ^ f or ^_ a i m0 st all x G R. 
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R. Indeed 


The functions G^ form a sub-additive sequence with respect to the map V : R —> 
for any n,m > 0 and any x E £q n R we have 

G {n+m \x ) = log \\d(j) Tn+7n{x) (x)\ E \\ = log ||#T„(*)+r m (7»"(*))(*)|B|| 

< log Wrn(x){x)\ E \\ + log \\d(/) Trn ( V n {x)) (V n (x)) lE \\ = G (ri) (x) + G [m) {V n (x)). 

By Kingsman’s Ergodic Theorem ( |Kin| ) there exists the limit 


L = 


lim — [ G^ n \x) dfi{x) = inf — [ G^ n \x) dp,(x) 
i^oc n J R n n J R 


(4.8) 


and moreover limn-**, G J d 1 = L for //-almost all x £ £' 0 n R. Now (4.7) shows that L = t^x- 
Fix a subset £ of £(, n R with //(£) = 1 such that (4.2) and (4.7) hold for all x € £. Set 
C = 7t“ 1 (£) C then £ n R = C. 

By Egorov’s Theorem, there exists a compact subset Kq of £ such that 


KKo) > 1 - 


cv 


(4.9) 


and 


Tn{x) 


1 and 


gM (x) 
rtn 


X uniformly on Kq. Thus, there exists an integer tiq > 1 such that 


r n (x) 


r^n 

GW(i) 


- 1 


< 


rtn 


X 


< 


Co 

So_ 

Co 


x € Kq , 
x € A"o 


(4.10) 

(4.11) 


and, using (4.8), 


(4.12) 


X<-T- f C {n) (x) dp(x) < X + 7T 

for all integers n > n q. 

Fix an arbitrary integer so = so( e > t>o) > Bo; this will stay fixed throughout the whole Sects. 
4 and 5. Then (4.10), (4.11) and (4.12) hold with n replaced by so- Consider the transformation 

T = V s ° : R —> R 

preserving the measure p, and the measurable functions 


u(x) = 


GC°Xql 

rts 0 


1 


rts 0 


log 


and 


g{x) = 


Tsq(x) 

rt.s 0 


so (x) 0*0 |i 


x £ £. 


x £ £, 


Clearly u and g are bounded, ||n||oo < C\ and tq/t^ < g(x) < tq/t' for all x € R. For any integer 
n > 1 and x £ £ set 

u n (x) = u(x) + u(T(x)) + ... + u(T n -\x)). 

(Notice that a superscript is used here when we deal with orbits with respect to T = V s °; unlike 
the subscript used for orbits with respect to V.) 

It follows from our assumptions that u is uniformly continuous on £q. For the integral of u, 
(4.12) implies 


L: 


X< udp <x + 


Co 


Lemma 4.2. There exist a Lipschit^ \ function if : R 


(4.13) 

with respect to the metric dg such 


4 Holder continuity is enough. 
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that HV’lloo < 2Ci and u(x) < if(x) < u(x) + So/Co for y-almost all x € R. 

Proof. Since u is uniformly continuous on £' 0 (with respect to the metric dg), it has a continuous 
extension to the whole of R. We will denote this extension by u again, and we still have ||w||oo < Ci- 
Take a = and consider the function u + a on R. On any given rectangle Ri this function 
is continuous both with respect to the metric dg and the Riemann metric. Using the manifold 
structure of the disk D, containing Ri and a standard regularization procedure, we find a Lipschitz 
(with respect to the Riemann metric) function if on Ri such that || if — (u + a^loo < a on R *. Then 
if is Lipschitz on R with respect to dg and if > u. Moreover, ||if — (u + a)||oo < a and |u||oo < C\ 
imply Halloo < 2 Ci. ■ 


Fix a function if with the properties in Lemma 4.2. It follows from (4.13) that 


f , , 2S 0 

X<X = / ifdn<x+ 7 —• 
Jr L'O 


(4.14) 


Changing slightly if if necessary, we may assume that if is not cohomologous to a constant. 
Next, set 


Df(x) = sup - 
m >o e 


e ^{x) 
(x+e)9 m U) ' 


(4.15) 


By Birkhoff’s Theorem, this is well-defined for y- almost all x € C. Removing a set of measure 
zero from C if necessary (and thus shrinking the compact set K$ a bit), we will assume that D e {x) 
is defined for all ie£, 

Lemma 4.3. There exists a constant S 3 = S;s(e, 5o) > 0 such that Cie{x) < S 3 (D e (x )) rts ° for all 
x £ C. 


Proof. Set 03 = sup 0<t<sofo log ||d(/>t(x)||. Then G^\x) < 03 for all 0 < £ < sq and all x € C. 

Given x € C, there exists k € N such that C 2 e (x) = - • Let k = mso + £, 0 < l < so- 

Then, setting y = R ms ° (x) and using u <if, we get 

log||d0 7 * (x) (x)| J5 || = G {mso+e \x) <G {so \x) + G^°\v s °{x)) +... + G^°\v ( - m - 1 )so {x)) + G {e \y) 
< r t s 0 (u m (x) + a 3 ) < Th 0 (if m (x) + a 3 ). 


Since Tfc(x) > r mso (x) and x < X + e by (4.14) and the choice of the constants, it follows that 


11 d(f ( 2 ,^ (x) \E I 
e (x+2 e)r k (x) 


o a 3 pf> m {x)) T S ° 


< 


dX+2 e)Tms 0 (x) 


<S 3 




T's 0 


\ T msr\ (x) 

(x+<9 IT. 


< <53 (D e (x)) 


T SQ 


since = 9 m ( x )- This is true for all k > 0, so C 2 e (x) < S 3 (D e (x)) T * s °. ■ 


For any pgl set 

Q p (e ) = {x € C n R : D e {x) < e p j, 

and, given 5 € (0,1], denote by E m (e,S) the set of those x € C such that 

ft j& : 0 < k < m , T k (x) ^ Qo(e)| > <5 m. 
The central result in this paper is the following. 
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Theorem 4.4. (Strong Exponential Tails) Let e > 0, J £ (0,1) and Jo be as in the beginning 
of Sect. 4> let the integer so = so(e, Jo) > 1 be chosen as above, and let T = V s °. For every 
5 £ [Jo, 1] there exist constants C 2 = C 2 (e, 5) > 0 and C 2 = C 2 (e, 5) > 0 such that 

H {Emie, 8 )) <C 2 e~ C2m . (4.16) 

In particidar, 

h (R \ ur = “ 0 lT ' fc (Qo(e))) < C 2 e-» m 

for every integer m > 1 . 

We prove this theorem in the next section. We will now derive Theorem 1.1 from it. 

Proof of Theorem 1.1. Recall that Jo = ^ by (4.4). Take S = 8 q. Let pi £ R be so that Si = e Pi 
(i = 1,2,3), where Si, S 2 and S 3 are the constants from Lemmas 4.1 and 4.3. 

Given an integer m > 0, set n = mso and let Y n be the set of those x £ £ such that 

i{j '■ 0 < j < n , C 2 e (V J (x)) > e P2+P3 } > 5 0 n. 

Set E m = E m (e, Jo) for brevity. We will now prove that 

Y n C H m . (4.17) 

Let x £ Y n . Then C 2 e (V 3 (x)) < e P2+P3 for less that (1 — Jo)n values of j = 0,1,..., n — 1. By 
Lemma 4.3, C 2 e (V j (x)) < S 3 (D € (V j (x))) ris ° = e P 3 {D e (V j (x))) rU °, so D e (V j {x)) < 1 implies 
C 2 e {Vi(x)) < e P3 . Assume for a moment that x ^ E m . Then T k (x) £ Q o(e) for at least (1 — Jo)m 
values of k = 0,1..., m — 1. In other words D e (V ks °(x)) < 1 for at least (1 — Jo)m values of k, and 
so C 2 e {V ks °(x)) < e P3 for at least (1 — Jo)m values of k = 0,1..., m — 1. For any such k, Lemma 
4.1(b) implies that C 2 e (V ks °^ J (x)) < S 2 C 2 e (V ks °(x)) < e P2+P3 for all j = 0,1,..., so — 1. Hence 
C 2 € {V r (x)) < e P2+P3 for at least so(l — 8 o)m = (1 — Jo)n values of r = 0,1,..., n — 1. In other 
words, C 2 e (V r (x)) > e P2+P3 for less than Jon values of r = 0,1,..., n — 1, which is a contradiction 
with x £ Y n . 

This proves (4.17). Combining the latter with (4.16) gives 

h(Yn)<C 2 e~ C2n / S0 . (4.18) 

Setting Y n = 7 r^ 1 (y n ) = {y £ C : n(y) £ Y n }, it follows from (4.1) that 

m {Y n ) = ~j [ [ Xy ( Mv))ds dfi = [ r(y)xY n {y) dy < y(Y n ). (4.19) 

rT Jr Jo " rT Jr rT 

Next, set k = [n/ro], and let Xy. be the set of those y £ C such that 
#{r : 0 <r<k, B 2 e (f r (y)) > e pi+P2+P3 } > 5 0 k. 

We will now prove that 

X k cY n . (4.20) 

Given y £ X k , set x = ir(y) £ C; then y = 4> s (x) for some s £ [0, t(x)). We have to show 
that x £ Y n . Now y £ X k means that B 2 e (f r (x)) < e pi+P2+P3 for less then (1 — 60 )k values of 
r = 0,1,... k — 1. If C 2 e (V J (x)) < e P2+P3 for some j = 0,1,..., n — 1, then for any integer r with 

T j(x) < r < Tj{x) + 1 (4-21) 
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we have f r (y ) = c/)t(V J (x)) for some t E [—2,2], so by Lemma 4.1(a) we have B 2 t (f r (y)) < 
<S , iC'2 e (7 ? - J '(a;)) < e pi+P2+P3 . Assume for a moment that x ^ 1^, i.e. G , 2 f (.'P J (x)) < e P2+p3 for at 
least (1 — 5o)n values of j = 0,1,... ,n — 1. Notice that not more than 1/ro values of j will 
produce the same r with (4.24), so there exist at least (1 — 5q)ti/tq > (1 — So)k values of r 
with i?2e(/ r (y)) < e pi+P2+P3 . In other words, i?2e(/ r (y)) > e pi+P2+P3 for less than Sok values of 
r = 0,1,... A: — 1, a contradiction with y E X^. 

This proves (4.20). Combining (4.20), (4.19) and (4.18) we get 

m(X fe ) < m (Y n ) <^y(Y n ) < ^ e~ C2n / s ° < ^e~ C2kTo / So = C 3 e~ C3k . 

To complete the proof of Theorem 1.1, set po = Pi + P 2 + P 3 - Denote by &k the set of those 
x € L such that R, 2 e {f r (x )) > e po for at least 5k values of r = 0,1,..., k — 1. We will prove an 
exponentially small estimate of m(0fc). Combining this with Proposition 3.1, in particular, using 
the left-hand-side inequality in (3.4), and (3.5) as well, will prove Theorem 1.1. 

Denote by Y fc + ’® the set of those x E C so that R 2 ei (f r (x)) > e po for at least Sok values of 
r = 0,1,..., k — 1. Define Y, ’* in a similar way replacing ■ by Rf e ■. The above argument 
shows that m(Y fc + ’®) < Coe~ C3k for all i = l,...,ko. Using Theorem 4.4 for the flow (j)_t and 
replacing the map / = <j>\ by /' = (f-i, the above argument shows that m (Y k ’ ') < C 3 e~ C3k . So, 
for the set Yk = U^l 1 (Y fc + ’® U Yff’ 1 ) we get m(lfc) < Ce~ ck for some constants C > 0 and c > 0. 

On the other hand, 0^ C Y&. Indeed, let x E 0fc. Then R, 2 e {f r {x)) > e po for at least 5k 
values of r = 0,1,..., k — 1. Since R, 2 e{y) = maxi<j<jt 0 max{I?^" e ^y), Rf e j(y)}, it follows that 
there exists i = l,...,feo such that either i?^“ ei (/ r (x)) > e po for at least ^ = 5ok values of 
r = 0,1,..., k — 1 or Rf e j(/ r (x)) > e po for at least ^ = 5ok values of r = 0,1,..., k — 1. That 
is x E Y^’ 1 U Yff' 1 C Yk■ Hence C Yk and therefore m(0fc) < Ce~ ck . ■ 


5 Proof of Theorem 4.4 


Throughout we work under the assumptions in the beginning of Sect. 4 and will use the notation 
from Sect. 4. Again, the constants e > 0, 5 > 0, do > 0 and so = so(u So) will be fixed as in Sect.4 
and so will be the compact set Kq and the functions u, g and if. As before T = V s ° : R —> R. 
Setting 

e V ,m U) 

A m (x) = A m (x) = e (x+e)g m (x) ’ X € R ' 

we have 

D e (x) = sup A m (x) > 1 

m> 0 

for all ie£. For such x (modifying an idea in [Sim] ) define 

k e (x) = min > 0 : i/j k (x) — (y + e)g k {x) = logD e (x)| . 

This is well-defined for //-almost all iEf, since J R gdp = 1 and j R ifdpL = y, so 

k 


, ip k (x) ilj k (x) 

Inn , = lim —-— • , 

/c—^oo g K (x) fc->oo k g \x) 


= X 


for //-almost all x E C. Denote by C! the set of those x E L for which k e {x) is well defined ; then 
//(£') = 1 . 
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For any n, k > 0 we have g n+k (x ) = g k (x) + g n (T k (x)) and also tf n+k (x) = if k (x) + ip n (T k (x)), 
therefore 

A n+k (x) = A k (x) A n {T k (x)). (5.1) 

Using this inductively one derives that for every x E R and every integer k > 1 we have 

A k (x) = A!(x)Ai(T(s)) ... A\{T k ~ 1 {x)). (5.2) 


Next, consider the sets 


H m (e) = {x E C! : fc e (x) > m}. 
Lemma 5.1. There exist constants C > 0 and c > 0 such that 

<Ce~ cm 


(5.3) 


/or all integers m > 1. 

Proof of Lemma 5.1. Let x € U m (e). Then for k = A; e (x) we have k > m and 

ip k (x) - (x + e)g k (x) = log D e (x) > 0 . 

Thus, if k (x)/k — (x + e)g k (x)/k > 0, so 

> 9 k {x) > ero 

— A; — rt 


(5.4) 


1 p k (x) 


9 k (x) 1 

[ k x \ 

+ X 

i 1 k . 


Here we used g k (x) = Tks ° ^ 

^ v 7 SorT — rT 

First assume X = Xi ¥" 0; then (4.14) implies |x| > |x*|/2 > 0. Using the above, we either 
have 


if k (x ) 


~ ^ er ° 
k X > 2 rt ’ 


or 


1 - 


g k (x) 


> 


2 |x|rf 


(5.5) 

(5.6) 


Let A), be the set of those x E f i m (e) for which (5.5) holds, and let A'/ be the set of those 
x € fl m (e) for which (5.6) holds. 

We can now use the classical Large Deviation Principle for the Holder continuous functions 
if and g on R (and the fact that (R , T) is naturally isomorphic, up to a set of //-measure zero, 
to a subshift of finite typ^fl - see [OP] , [Kl] or [Ylj . It follows from it that there exist constant^! 
C' > 0 and d > 0, independent of k and m, such that /t(A^.) < C'e~ c ' k and //(A") < C'e~ c ' k . 
Since H m (e) C U£Y m+ 1 (A), U A"), it follows that /t(fl m (e)) < Ce~ cm for some constants C, c > 0 
independent of m. 

When X = Xi = 0) (4-14) implies 0 < x < 2 q ) <5 ° , so (5.4) gives 


if k (x) 

k 


X 


^ 9 k {x) _ g k (x) g k {x) 8 Cid 0 ^ er 0 

> 6 - h y- y > e -> - r, 

k k k Cq 2 rt 


and then we can proceed as above. ■ 

5 This natural isomorphism sends both ip and g = -Ay t so to Holder continuous functions with respect to the 
metric dg on the shift space. Neither ip nor g is cohomologous to a constant. 

6 Notice that the rate function involved depends on T = P s ° and therefore on e and <5 q. 
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The following lemma will be used later. 


Lemma 5.2. Let x G £ and let k = k e {x). Then: 

(a) T k (x) G Q 0 (e). 

(b) k t (x) coincides with the smallest integer i > 0 such that T e (x) G Qo(e)- 

Proof, (a) From the definition of k e (x) it follows that D f (x) = A k j x \{x) > A n+k t x \{x) for all 
n > 0. Using this and (5.1) with k = k € (x), we get A n (T k (x )) < 1 for all n > 0, so D e (T k (x)) < 1. 
Thus, T k {x) G Qo{e). 

(b) Set k = k t (x). Assume that there exists i = 0,1,..., k — 1 with T e \x) G Qo{e). Then 
A n (T £ (x)) < 1 for all n > 0, so by (5.1), A n+ n(x) = A^(x)A n (T f (x)) < A^(x) for all integers 
n > 0. In particular, A k (x) = A^ k _(^ + ^{x) < Ag(x), which is a contradiction with the choice of 
k = k e (x). ■ 

The above already implies exponentially small tails. 

Lemma 5.3. There exist constants C > 0 and c > 0 such that 

^(R\A^T- k (Q,{e))) <Ce~ cm 

for all m > 1 . 

Proof. Let x G CJ be such that x ^ JI m (e) for some m > 1, i.e. k e (x ) < to. Then by Lemma 
5.2(a), T k {x) G Qo(e), so x G T _fc (Qo(e)) for some k < to. This shows that 

£' \ fi ro (e) C U”r 0 1 T- fe (Q 0 ( 6 )) , i.e. £ \ ^T~ k {Q 0 {e)) C fi TO (e), 

and by (5.3), // (/?, \ U^!l 0 1 T” fc ((5o(e))) < Ce~ crn , which proves the Lemma. ■ 

Next, since the functions if and g are continuous on R (with respect to the chosen metric dg), 
the set 

F = {x G R : if(x) — (x + e/2 )g(x) < 0} (5.7) 

is closed in R. Take r/ = and consider the open set 

V v = {x G R : if(x) - (x + e/2 )g(x) < r?}. 

Clearly, F C U, ? , so there exists a Holder continuous (with respect to dg) function ip : R —> [0,1] 
with ip = 1 on F and <p = 0 on R \ V^. Fix <p with this property, and consider the Holder 
continuous function 

h = (if - (x + e/2)s) <p. 

Notice that 

In hdl ‘ +e 2 <S ~W L - (58) 

Indeed, it follows from (4.10), (4.11) and (4.14) that for x G Kq we have 

\{if(x)-(x + e/ 2 )g(x))+e/ 2 \ < \if(x) - x| + |x| |1 - s(s)| + ||1 - 5(®)| < 
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Since 5 C (j^° < § by (4.3), it follows that if(x) — (x + e/2 )g{x) < 0 on A'o, so Kq C F and therefore 
p = 1 on Kq. Combining the above with (4.9) gives 

fhd/i + ^< f {h + e/2)dy + (\\h\\ oo + e/2)y(R\K 0 ) + 

Jr z Jk 0 l o v-o £o 

since \\h\loo < Halloo + C\ < 3Ci. This proves (5.8). 

Apart from the above notice that 

bP(y) - (x + e/2 )g(y)\ Xf{jj) > h(y) - y (5.9) 

for all y £ £. Here xf is the characteristic function of F. Indeed, if y £ F, then <p(y) = 1, so 
ip(y) —(x+e/2)g(y) = h(y ) and (5.9) holds trivially. Let x ^ F- then the left-hand-side of (5.9) is 0. 
If moreover x ^ V rp then tp(y) = 0, so h(y ) = 0, and (5.9) becomes 0 > —r) which is obviously true. 
Finally, assume y £ V v \ F. By the definitions of F and V n we have 0 < if>(y) — (x + e/2)<7 (y) < y. 
Multiplying this by ip(y) £ [0,1] we get 0 < h{y) = {if{y) - (x +e/2)g(y))ip(y) < r\ip(y) < y. That 
is, 0 > h(y) — y, so (5.9) holds again. 

The following lemma proves Theorem 4.4. Recall the set H m (e, 5) defined just before Theorem 
4.4. 

Lemma 5.4. Let 6 £ [<5o, 1]- There exist constants C = C(e, <5) > 1 and c = c(e,5) > 0 such that 
y f" n (e,(5)) < Ce cn for any integer n > 1. 


Proof. Apart from the functions A m (x) = Am (x) defined in the beginning of Sect. 5 we will also 
use the functions A^/ 2 \x). Clearly 


A^(x) = 


e (x+e/2)g™(x) 


= > 4 D fr 1p meT °/( 2rt ) > /\( £ ) ( r ) 


(5.10) 


for all x £ £ and all integers m > 0. 

Notice that Qo(e/2) C Qq{c). Indeed, if y £ Qq{c/2), then Am 2 \y) < 1 for all m > 0, and 
by (5.10), Am(y) < Am ' 2 \y) < 1 for all m > 0, so y € Qo(e)- Moreover, for any y £ Qq(c/2) we 
have A^ 2 \y) < 1, that is ip(y) — (x + e/2 )g(y) < 0, so y £ F, the set defined by (5.7). Thus, 
Qo(e/2) C F. However in general Qo(e) is not contained in F. 

Next, setting £4 = Sq/Cq, it follows from (5.3) that for any integer n > 1 we have (e) < 

Ce -<^ n - 1), so 

y(u? = 0 T-i(n [Sin] (e))) < (n + l)^*"- 1 ). 

Setting 

fi(”) = u”. 0 r- j (!i [ j in |(e)), 

it follows from the above that there exist constants C4 = C4(e, 5q) > 0 and C4 = 04(6, 5q) > 0 with 


g(0 (n) ) < C 4 e- C4n 


(5.11) 


for all integers n > 1. Clearly, for every x € £ \ we have k f (T£x)) < 5\n = ^ for all 
j = 0 , 1 ,...,n. 

Next, fix for a moment an arbitrary x £ E n \ We will now construct a sequence of 
points Xi on the orbit 

O n (x) = {x,T(x),...,T n ~ 1 (x)} 
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and certain integers ki, £; using the set Q o(e). We will do the construction carefully and in all 
details, although some of the details will not be used later. 

If x Qo(e), set xq = x and to = 0. If x G Qo(e) let to > 1 be the largest integer such that 
T J (x) € Qo(e) for all j = 0, 1 ,... ,to — 1- Then set xo = T to {x ) ^ Qo(t) and = k € (xo) > 1. 
Notice that ko < Sin. 

By Lemma 5.2(a) we have T ko (x o) G Qo(e). Next, let ti > 1 be the largest integer such 
that T fco+J (xo) G Q o(e) for all j = 0,1,..., t\ — 1. Then set x\ = T ko+tl (x o) ^ Qo(e) and 
k\ = k e (x i) > 1. 

By induction we construct a sequence of points xq,xi ,..., x s ^\ and positive integers to, ti ,..., t s -1 
and /?o, fci,..., k s -i such that Xi + \ = T ki+ti + 1 (xi) for all i = 0,1,..., s — 2, k{ = k e (xi) for all 
i = 0, — 1, and > 1 is the maximal integer such that T fei+J (xj) G Qo( e ) f° r a ll 

j = 0,1... , ti -|_i — 1. Thus, x'i ^ Qo(e), so fcj > 1 for all i = 0,1,..., s — 1. 

For s we choose the maximal integer with 


S— 1 s—1 

y, ti + ki < n. (5-12) 

2=0 2=0 

If we have equality in (5.12), set t s = 0, k s = 0 and x s = T ks ~ 1 (x s - 1 ). If we have a strict 
inequality in (5.12), denote by t s the largest positive integer such that T fcs_ 1 +J (x s _i) G Qo(e) for 
all j = 0,1 ..., t s — 1 and 

S S — 1 

y tj + y kj < n. (5.13) 

2=0 2=0 

Set x s = T ks ~ 1+ts (x s - 1 ). If there is an equality in (5.13), set k s = 0. If there is a strict inequality 
in (5.13), take k s > 0 so that 

S S 

y ti + yki=n. (5.14) 

i=0 i=s 

It follows from the above construction that (5.14) always holds. Moreover, ki > 0 for i = 
0,1,... ,s — 1, while for % = s we may have k s = 0 and x s G Q o(e). However, k s < Sin always 
holds, since x ^ Hence: 

(i) T ki+ i(xi) G Q 0 (e) for all j = 0,1..., t i+ i - 1, * = 0,1,..., s - 1, 

(ii) ki = k e (xi) > 1 for all i = 0 , 1 ,..., s — 1 , and 0 < k s < k e (x s ) < Sin. 

Thus, the above construction is such that the orbits Ok i (xi ) are disjoint, have no common 
points with Qo{c), and 

O n (x) \ Qo(e) = U| = 0 O ki (xi). 

In particular, it follows from it and the choice of in Lemma 4.2 that 
| log A^ 2 \x s )\ = y a (x s ) - (x + e/2)g ks (x s )\ < k s (\\i >\\oo + 2Ci) < 4Cik s < 4CiSin < ^pfSn, 

using (4.3) and Si = So/Cq < S/Cq- 

Since x G H n = H„(e, 5), it follows from (i) and (ii) that 

S 

y' ki > Sn. (5.15) 

i=0 
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Next, it follows from (5.2) that for any i = 0,l,...,swe have 


fe»—i 

log^ e / 2) (xj) = 22 l°g^i c,2) (T q ( x i)). 


q =o 


(5.16) 


Similarly, 

n —1 

V(x) - (x + e /2 )g n (x) = log A^/ 2 \x) = 22 log A^ /2) (T q (x)), 

q =o 

and it follows from the above construction that 

S S— 1 

V(x)~(x + e/2 )g n (x) = ^log^ / 2 ) (xj) + J^logvl^^T^^)) 

2=0 2=0 

s n— 1 

= ^log4/ 2 ) (x i )+ J2 log 4 / 2 ) (T1(x)). (5.17) 

i=0 9=0 

THx)eQ o (<0 


By (ii) we have ( x *) > 1 for * = 0,1,, s— 1. This and (5.10) imply A^ 2 \ x i) > e egk% ^ Xi ^ 2 
and so log A^/ 2 \xi) > |^ki for all i < s. Combining this with the above, (5.15) and (5.17) give 

— n— i X 

r(x) - (X + e/2)»”(*) > - | log -4<J(x,)| + V 4 </2| (r«(z)) > + (/) + (//), 

THx)e°Q 0 (.t) 


where (I) is the sum of the positive terms of the sum 


n— 1 

22 A^ 2 \T q {x)) and (II) is the sum 


9=0 

T9(x)eQ 0 (€) 

of the other terms in this sum. Then (I) > 0, and, recalling the set F defined by (5.7), 

n —1 n —1 

(II) = 22 log A[ e/2) (T q (x))> 22 log 4 t/2 \T q (x)). 


q =0 g=0 

TQ(x)eFnQ 0 (e) T<l(x)eF 

(The terms appearing in the sum in the right-hand-side that do not appear in the sum in the 
middle are all non-positive.) Hence 


V(x) - (x + e/ 2 )g n (x) > 


ero5 

4rl 


n 


n— 1 

+ 22 'ogA[ e/2 \T q (x)) 

q =o 

T ( l\x)eF 


e'rp 5 
4rt 

er 0 5 
4rt 


n —1 


n + 22mT q (x)) - (x + e/2)g(T q (x))] X F(T q (x)) 
q =o 

n + i\x), 


where y(y) = (i(’(y) — (x + £/2)d(y)\XF(y)- On the other hand (5.9) implies j n (x) > h n (x) — nr). 
Using this and rj = it follows that 


r(x)-(x + e/ 2 )g n (x)> 


er 0 5 

4rt 


n + h n (x) 
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For the integral H = hd/j, it follows from (5.8) that H + 2 

Jr 

the above as 


6 > ~ 8 Co^ 0 ' ®°> we can now rewr it e 


ip n (x) 


L g n (x)~\ 

e 

F g n (x) 1 


r h n (x) i 

X 

+ X 


+ 77 


+ 

H ’ 

n 

n 

2 

n 


n 


e ernS 5n 

~ H+ 2 + ^T~C~ 0 


> 


£t q 5 

4rt 


9Ci5 0 > 


since 


6 >5 0 and C n > 100 g irt . Thus, 


-o ^ 


ero 


1 p n ( x) 


+ X 

", g n (x)' 

e 

", g n {x)' 


\ ZJ hn ( x )] 

- X 

+ 77 

+ 

H -— 

n 


n 

2 

n 


n 


> 


Cn 


8rt ' 


8rt 


As in the proof of Lemma 5.1, assume first that X = Xi Y 0- Then the above argument 
shows that E n \ C E' n U H" U E'” U E"", where E' n is the set of those x £ C \ suc h that 


i/i n (x) 


— x > f§^-, H" is the set of those x £ £ \ such that 


1 - 


ff n (*) 


> -n is the set 


of those x £ C \ such that 


1 - 


ff n (D 


> and E'”' is the set of those x £ C \ such 


that 


H - 


h n (x) 


> 


ctq<5 
32t t ' 


As in the proof of Lemma 5.1, it now follows from the classical Large Deviation Principle (see 
[OP], [Ki] or (Ylj l that there exist constants C' = C'(e,S) > 0 and d = c(e, <5) > 0 such that 
g(E n \ < C'e~ c ' n . By (5.11), < C 4 e _C4n , so there exist constants C > 1 and c > 0 

such that E n ) < C e~ cn for all n. 

When x = Xi = 0, a slightly different argument (as in the proof of Lemma 5.1) shows that 
again there exist constants C > 1 and c > 0 such that g(E n ) < C e~ cn for all n. ■ 


6 Proof of Proposition 2.1 

Throughout we assume that 4>t is a C 2 contact Anosov flow on M with a C 2 invariant contact 
form ui. Then the two-form du is C 1 , so there exists a constant Co > 0 such that 

\du x (u, u)| < Co||u|| ||u|| , u,v£T x M,x£M , (6-1) 

and for every x £ M and every u £ E s (x) (or u £ E u (x)) with ||u|| = 1 there exists v £ E u {x) 
(reps, v £ E s (x)) with ||u|] = 1 such that duo x (u,v ) > 1/Co- 

Fix for a moment e > 0. We will use the notation from Sect. 3. Following general procedures 
(see Theorem S.2.10 in [KM] ) for all x £ £' 0 and i = 1,..., ko consider the inner product 

(u,v)' Xti = ^(d/r(«),C m M)e" 2mXi - 4eH , u,v€Ei(x), 

mEZ 

where (•,•) is the inner product on T X M determined by the Riemann metric. Then, given u = 
u\ + ... + Uk 0 , v = v\ + ... + Vk 0 £ T X M with m, Vi £ Ei(x) for all i, define 


k 0 

(U,V) X ^ ^ (Rj ; Vi) x ,j j ll^llx \/(^> x ' 

i =1 
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Notice that for u E £)(x) we have 


<«,<i = ^||C m WI| 2 e- 2mXi - 4em +^|IC m WI| 2 e- 2mXi+4 ^ 

m>0 m<0 

< (f?+(x)e mXi+me ||u ||) 2 e - 2m »- 4em + (R~(x)e mXi ~ m£ \\u \\) 2 e - 2mXi+4em 

m>0 m<0 

E^' + E 


= (^(z)IMI 


n 2me 


m>0 


m<0 


< h^WMIMI ) 2 < -(fi«(i)ll»ll) 2 - 


1 — e 


Thus, ||u||W < y/2/e -R e (x)||'u||. 

Since the subspaces £)(x) are mutually orthogonal with respect to (-, -}' x , it follows that, setting 
Kq = Ko(e) = 2 y/koJe, we have 

ll^lli < Kq(c) I? e (x)||w|| , u&T x M,xe£' 0 . ( 6 . 2 ) 

In particular, if u = u\ + ... + Uk 0 with u, E £)(x) for all i, then 

\\ui\\ < \\ui\\' Xti < \\u\\' x < K 0 (e) R e (x) \\u\\ , i = l,...,k 0 . (6.3) 

Next, for every i = 1,..., ko, x E C Q and e > 0 set 


Ai(x, e) = sup 


\\df2 +k (v)\\ e -(Xi+t)n-e\k\ 

ll€W II 


n > 0, k € Z, v E if* \ {0} 


^i(x,e) = sup 


M/xWII 


: n < 0,k € Z, u € £) \ {0} > , 


and 


AAx) = max max{A(x, e), A(x, e)|. 
l<i<fc 0 


It follows from the argument in the proof of Proposition 1 in IFHYj that Ai(x, e) and Ai(x, e) are 
finite for all i, so A e {;x) is well-defined for all x E £q, anc ^ moreover 


ICWII 

e n Xi 


< A e (x) e\ n \ e \\v\\ , v E Ei(x) , n E Z, 


(6.4) 


for all x € £q and alii = 1,..., &q. It now follows from (3.1) and (3.2) that 


R e (x) < A e (x) 


for all e > 0 and all x € £q. It is easy to see that Ai(x,e) and Ai(x,e) are e-slowly varying 
functions for all i, so A e (x) is also an e-slowly varying function. 

Next, set K\(e) = CyKo(e). We will prove that 


i < IM/rWII 

iFi(e) (R e (x)) 2 e me _ e m *i 


m > 0 , v € Ei(x) , |H| = 1, 


(6.5) 


for all x E £q and i = l,...,fco- Given u E Ei(x) with ||x|| = 1, there exists u; € T X M with 
||u;|| = 1 such that duj x (v,w) > 1/Co. Let w = w\ + ... + Wk 0 , where Wk € Ek(x) for all k. Since 
the flow is contact, there exists j with Xj = — Xi- It is now easy to see that du x (v, w ) = du x (v, Wj). 
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Indeed, setting x rn = f m (x), for Xk < Xj = ~Xi we have \k < Xj ~ 3e by the choice of e, so using 
( 6 . 1 ) we get 

|dw*(u,u' fc )| = \dux m (df™(v),df™(w k ))\ < C 0 \\df™(v)\\ \\df™(w k )\\ 

< C 0 R 2 e (x)\\v\\ ||wfc|| e mXi+me e m Xk +me q 


asm->oo. Thus, duj x (v,Wk ) = 0. In a similar way one deals with the case Xfc > Xj, considering 

TO —»• —OO. 

Hence for any to > 0 we have 

1 


a, 


< du x (v, Wj) = diu f m( x) {df™(v), df™(wj)) < C Q \\df™(y)\\ \\df™(wj)\\. 


This, (3.1) and (6.3) imply 
\\df™(v)\\ 


e m Xi 


> 


> 


1 


> 


1 


C^\\df^(wj)\\e m Xi ~ C^Rt{x)e m ^ +ine \\w j \\e m Xi 

1 1 


> 


C$Rt (x)e me K 0 (e)R e (x)\\w\\ C$K 0 (e)(R e (x)) 2 e me ' 

which proves (6.5). In a similar way one shows that 


1 


< 


\\df x m (v)\\ 


to > 0 , v € Ei(x) , ||f || = 1, 


( 6 . 6 ) 


(6.7) 


ifi(e) {R e {x)) 2 e mt ~ e ~ m ** 

for all and i = 1 ,..., k^. 

Next, we will prove that 

< Ki(e/2)(R e/2 (x)) 3 

for all x € C' Q and i = 1,..., ko. Fix x and i for a moment. Given v € A,;(x) \ {0}, n > 0 and 
k £ Z, we will consider 3 cases. 

Case 1 - fc > 0 ; then n + k > 0, too. Using (3.1) and (6.5) with e replaced by e/2, we get 
l|d/£ +fe (^)ll e -(xi+e)n-e|fc| i? e / 2 (x)e( n+fc hxi+e/2)|| u || e -{ X i+e)n-e\k\ 


\\dfx(v) II 


H^ll 

Ki(e/2) (R e/2 (x)) 2 e k */ 2 
= if 1 (e/ 2 ) (A e/2 ( x )f e {n+k)e/2 e -ne-ke e ke/2 

< Ki(e/2)(R e/ 2 (x)) 3 . 

Case 2. k < 0 and n + k> 0. Then (3.1) and ( 6 . 6 ) imply 

\\dfx +k (v)\\ e - ( x<+e )”- € l fc l ^ i? e / 2 (.T)e (n+fc) (Vi+ e /2)|| t ,|| g-(Xi+6)n+efc 


I M/I (u) II 




Ah (e/2) (i? e/2 (U) 2 e- fce / 2 
= Ad (e/ 2 ) (A £/2 ^ x )f e ^+k)e/2 e -ne+ke e -ke/2 

< Ad(e/2)(A £/ 2 (x)) 3 . 

Case 3. A: < 0 and n + k < 0. Then (3.2) and ( 6 . 6 ) imply 

\\df™ +k {y)\\ e -te+ e ) n - e l fc l < A e/2 (x)e( n+fc hxi-U2)|| u || e -( Xi +e)n+ek 


ii«(»)ii 


e k Xi H^ll 

Ah (e/2) (i?, /2 (z)) 2 e-W 2 


= Ad(e/2)(A £/2 (x)) 3 e-( n+fc ) e / 2 e- ne+fc£ e- fce / 2 
< Ad(e/2)(A £/ 2 (x)) 3 . 
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This proves (6.7). In a similar way we will now prove 


Ai(x,e) < Ki(e/2)(R €/2 (x)) 3 (6.8) 

for all x G C 0 and i = 1,... ,ko- Fix x and i for a moment and let v G Ei(x) \ {0}, n < 0 and 
k G Z. Again we will consider 3 cases. 

Case 4. k > 0 and n + k > 0. Using (3.1) and (6.5), we get 

\\df 2 +k (v)\\ e -(xi-^-dfc| ^ i7 e/ 2 (^)e (n+fc)(xi+e/ 2 ) ||v|| e -(xi-*)n-«* 

||d/*(u)|| “ efcXj Ill’ll 

^i(e/2) {Re!2{x)) 2 e kt/2 

= K\ (e/2) (i? e/2 ( x ))3 e (n+fc)U2 e n,-fc6 e fc6/2 

< A' 1 (e/2)( J R e/2 (x)) 3 . 

Case 5. k > 0 and n + k < 0. Then 

l|d/" +fe (^)ll e-te- £ ) n - £ l fc l ^e/2(^)e (n+fc)(xi_e/2) IM| e -(x<-e)"-e* 

||(i/^(n)|| — _ U’Zkll _ 

Ay (e/2) (A, /2 (*))2 c *«/a 

= A'i(e/2)(ii e/ 2 (.T)) 3 e- (n+fc)£/ 2 e n£ - fc£ e fc£/2 

< Ai(e/2)(A £/2 (.x)) 3 . 

Case 6. k < 0, and so n + k < 0. Then 

\\dfx +k (,v)\\ e"( Xi “ £ ) n “ £ l fc l ^e /2 ( 2 ; )e (n+fe)(x<-e/2) ||v|| e -te- £ ) n+£fe 

||d/^(u)|| “ _ efcXi IMI 

A'i(e/2) (R e/2 (x)) 2 e- ke / 2 

= K X (e/2) (i? e/2 ( x ))3 e -(n+fc)e/2 e ne+fce e -fce/2 

< Ad(e/2)(A £/2 (x)) 3 . 

This proves ( 6 . 8 ). Combining the latter with (6.7) gives A e (x) < Ki(e/2)(R 6 / 2 (x)) 3 , and 
therefore 

J\ 2 (e)(A 2e (x)) 1/3 < R e (x) < A e (x) , iGf' 0 , 

where A ' 2<£) = cg'C)V« - ■ 

Proof of (3.5). Given i = 1,..., ko and x G C 0 , there exist an integer n > 0 and v G with 
||n|| = 1 such that Rf^x) = • Let v = Thk =l v k with Vk G Ek{x) for all k. Then by (6.3), 

HUcll < Eo(e)R e (x)\\v\\ < Ko(e)R e (x) for all k. Using this and Xi > Xk for k <i yields 


o+ M _ \\ d fxjv)\\ < Efc=l \\dfx( v k)\\ < V 

e (xi+e)n - e (Xi+e)n - 

/c=l 


e (Xk+f)n 


E ^ E ^o(6)i? e (x) < fco^o(e) (i? £ (x)) 5 


This is true for all i, so i?+(x) < fcoA'o(e) (R e (x)) 2 . In a similar way, considering the flow cf>-t and 
the map /~ l = </_i one shows that R~(x) < koKo(e) (R e (x)) 2 . This proves (3.5). ■ 


20 



References 


[BaL] V. Baladi and C. Liverani, Exponential decay of correlations for piecewise cone hyperbolic contact flows, 
Comm. Math. Phys. 314 (2012), 689-773. 

[BP] L. Barreira and Ya. Pesin, Lyapunov exponents and smooth ergodic theory, University Lecture Series 23, 
American Mathematical Society, Providence, RI, 2001. 

[FHY] A. Fathi, M.R.Herman and J.C.Yoccoz, A proof of Pesin’s stable manifold theorem, Lect. Notes in Math. 
Springer, Vol. 1007 (1983), 177-215. 

[BPS] L. Barreira, Ya. Pesin and J. Schmeling, Dimension and product structure of hyperbolic measures, Ann. of 
Math. 149 (1999), 755-783. 

[BSau] L. Barreira, B. Saussol, Multifractal analysis of hyperbolic flows, Comm. Math. Phys. 214 (2000), 339-371. 
[BS] L. Barreira, J. Schmeling, Sets of ”non-typical” points have full topological entropy and full Hausdorff dimen¬ 
sion, Israel J. Math. 116 (2000), 29-70. 

[B] R. Bowen, Symbolic dynamics for hyperbolic flows, Amer. J. Math. 95 (1973), 429-460. 

[BR] R. Bowen and D. Ruelle, The ergodic theory of Axiom A flows, Invent. Math. 29, 181-202 (1975) 

[D] D. Dolgopyat, On decay of correlations in Anosov flows, Ann. of Math. 147 (1998), 357-390. 

[KH] A. Katok and B. Hasselblatt, Introduction to the Modem Theory of Dynamical Systems, Cambridge Univ. 
Press, Cambridge 1995. 

[KM] A. Katok and L. Mendoza, Dynamical systems with nonuniformly hyperbolic behaviour, Appendix S in m- 
[Ki] Yu. Kifer, Large deviations in dynamical systems and stochastic processes, Trans. Amer. Math. Soc. 321 
(1990), 505-524. 

[Kin] J.F.C. Kingsman, The ergodic theory of sub-additive stochastic processes, J. Royal. Stat. Soc. B 30 (1968), 
499-510. 

[LY1] F. Ledrappier and L.-S. Young, The metric theory of diffeomorphisms: Part I: Characterization of measures 
satisfying Pesin’s entropy formula, Ann. of Math. 122 (1985), 540-574. 

[LY2] F. Ledrappier and L.-S. Young, The metric theory of diffeomorphisms: Part II: Relations between entropy, 
exponents and dimension, Ann. of Math. 122 (1985), 509-539. 

[L] C. Liverani, On contact Anosov flows, Ann. of Math. 159 (2004), 1275-1312. 

[MN] I. Melbourne and M. Nicol, Large deviations for non-uniformly hyperbolic systems, Trans. Amer. Math. Soc. 
360 (2008), 6661-6676. 

[OP] S. Orey and S. Pelikan, Deviation of trajectory averages and the defect in Pesin’s formula for Anosov diffeo- 
morpshisms, Trans. Amer. Math. Soc. 315 (1989), 741-753. 

[Os] V. I. Oseledets, A multiplicative ergodic theorem. Lyapunov characteristic numbers for dynamical systems, 
Trans. Moscow Math. Soc. 19 (1968), 197-221. 

[PP] W. Parry and M. Pollicott, Zeta functions and the periodic orbit structure of hyperbolic dynamics, Asterisque 
187-188, (1990). 

[PI] Ya. Pesin, Characteristic exponents and smooth ergodic theory, Russian Mathematical Surveys 32 (1977), 
55-114. 

[P2] Ya. Pesin, Dimension theory in dynamical systems: Contemporary views and applications, The University of 
Chicago Press, Chicago, 1997. 

[P3] Ya. Pesin, Lectures on partial hyperbolicity and stable ergodicity , Zurich Lectures in Advanced Math., Zurich 
2004. 

[PSa] Ya. Pesin, V. Sadovskaya, Multifractal analysis of conformal Axiom A flows, Comm. Math. Phys. 216 (2001), 
277-312. 

[PS] C. Pugh and M. Shub, Ergodic attractors, Trans. Amer. Math. Soc. 312 (1989), 1-54. 

[R] D. Ruelle, Ergodic theory of differentiable dynamical systems, Publ. Math, de 1’IHES 50 (1979), 27-58. 

[Sim] S. N. Simic, Oseldets regularity functions for Anosov flows, Comm. Math. Phys. 305 (2011), 1-21. 

[St] L. Stoyanov, Spectra of Ruelle transfer operators for Axiom A flows, Nonlinearity 24 (2011), 1089-1120. 

[Yl] L.-S. Young, Large deviations in dynamical systems, Trans. Amer. Math. Soc. 318 (1990), 525-543. 

[Y2] L.-S. Young, Statistical properties of systems with some hyperbolicity including certain billiards, Ann. Math. 
147 (1998) 585-650. 

University of Western Australia, Crawley WA 6009, Australia 
E-mail address: luchezar.stoyanov@uwa.edu.au 


21 


